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Abstract
Any combinatorial triangulation of a K3 surface requires at least 16 vertices, and it has to contain all
possible (

) triangles if there are exactly 16 vertices. In this paper we present such a 16-vertex K3 surface. It is
invariant under the group AG¸(1,

)

C

of order 240 acting transitively on the set of oriented
edges. In close relation with the triangulation we "nd the classical Kummer con"guration 16

. This 16-vertex
triangulation is a tight triangulation, leading to the corollary that there exists a tight polyhedral embedding
of a K3 surface into the Euclidean space .  2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction and results
Triangulations of 2-manifolds with the minimum number of vertices have been found during
a thorough study of the Heawood Map Color Problem [23,40]. In the &regular cases' the
one-dimensional skeleton of the triangulation is a complete graph. For simply connected 4-
manifolds, the analogous &regular cases' are triangulations with complete two-dimensional skel-
etons, i.e., where any triple of vertices spans a triangle of the triangulation. Such a triangulation
necessarily has the minimum number of vertices. The smallest non-trivial triangulation of this type
is the unique 9-vertex complex projective plane found by the second author in 1980, see [29,30,38].
In this case the starting point of the construction was the knowledge of its four possible vertex links
from [19].
0040-9383/01/$ - see front matter  2001 Elsevier Science Ltd. All rights reserved.
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The case of 16 vertices is also one of the regular cases, already mentioned in [30]. The
corresponding Euler characteristic is "24 but until recently it did not seem to be known whether
this case really occurs for such a triangulation on 16 vertices. Of course, a K3 surface would be an
excellent candidate. The question was whether there exists a 16-vertex triangulation of a K3
surface. A "rst attempt by the second author gave a nice triangulation but not a manifold. Instead
he obtained a triangulation of the Kummer variety with the maximum number of 16 isolated
singularities, see [25]. Later, it was a surprise to see in [44] a cell decomposition of a K3 surface
with exactly 16 vertices but we could not succeed in modifying that into a triangulation.
In the sequel, we were following the &algebraic' approach towards a solution of the problem: Start
with a suitable group action on the 16 vertices and assume that the triangulation is equivariant
under this action. Unfortunately, the number of groups acting on 16 elements is extremely large.
This makes a systematic and exhausting check impossible. However, the primitive group actions
mentioned in the old paper [35] by Miller led to a breakthrough. There are only 22 of them which
can be examined systematically. In fact, by a computer search the "rst author found that exactly
one of the primitive group actions in [35] does admit an equivariant triangulation of a 4-manifold
with 16 vertices and (

) triangles. Ironically enough, the vertex link of this triangulation is
a triangulated 3-sphere which was explicitly listed already more than 10 years ago in [31] but its
signi"cance was not realized. In this paper we prove the following main result:
Main Theorem. There exists a 16-vertex triangulation of a K3 surface.
Recall that there is no triangulation with 15 or less vertices [28]. The proof of the main theorem
is a combination of Theorems 4.2, 6.3, 6.5 and 6.6. The triangulation will be called K. Its
construction will be given in Theorem 3.1 and De"nition 4.1. The hardest part of the proof is the
determination of the quadratic form of K in Section 6. Although this triangulation induces a PL
structure on the underlyingmanifold K, it does not follow from this quadratic formmethod that it
is the standard structure. However, we conjecture thatK is PL homeomorphic to the standard K3
surface. The &regular cases'mentioned above are of interest also in the context of tight submanifolds
(cf. [3,32]) as examples of tight triangulations in the sense of [28] This leads to the following:
Corollary. There exists a tight polyhedral embedding of a K3 surface into .
This is surprising because there is no smooth tight immersion into any Euclidean space [43]. The
tightness condition for simply connected 4-submanifolds essentially means that any hyperplane
separates the submanifold into at most two pieces, each simply connected, cf. Section 5. In the
context of the theorem of van Kampen and Flores we obtain the following:
Corollary. A K3 surface admits an embedding of the two-dimensional skeleton of the 15-dimensional
simplex.
2. Triangulations of 4-manifolds
Throughout this paper, a (combinatorial) triangulation of a compact n-manifoldM is a simplicial
complexK such that its underlying set K is homeomorphic toM and such that each vertex link is
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a combinatorial triangulation of an (n!1)-sphere. So on the one hand double edges between the
same pair of vertices are forbidden and on the other hand the simplicial structure and the manifold
structure are assumed to be compatible.M together with such a triangulation is called a combina-
torial manifold. Any combinatorial manifold carries an induced PL structure. For 4-manifolds, PL
structures and smooth structures are in 1}1-correspondence, a result essentially due to Cairns
[10,11] and Cerf [14].
A K3 surface is usually de"ned as a complex surface with vanishing "rst Chern class and no
global holomorphic 1-form. It can also be considered as a simply connected four-dimensional
compact manifold. It is known that any two K3 surfaces are di!eomorphic to one another,
so they are PL homeomorphic if equipped with a PL structure [5]. Any regular quartic
surface in complex projective 3-space is a K3 surface. One of the standard models is the
Fermat quartic X#>#Z#="0. An even more symmetric quartic is
X#>#Z#=#12X>Z="0, as mentioned in [4,39]. For Kummer surfaces with the
maximum number of 16 double points see [18,20] for a triangulated Kummer surface with 16
vertices see [25].
For a given triangulation, let f

denote the number of i-dimensional simplices, moreover let
n :"f

be the number of vertices. A triangulation is called k-neighborly if f
	
"(

), i.e., if any
k-tuple of vertices actually spans a simplex of the triangulation. The &regular cases' in Heawood's
map color theorem are precisely the 2-neighborly triangulations of 2-manifolds.
Theorem 2.1 (Ringel [40] and Jungerman and Ringel [23]). Let M be an abstract surface which is
distinct from the Klein bottle, the orientable surface of genus 2, and from the surface with "!1 ( for
these three exceptional cases see [21]). Then the following conditions are equivalent:
(i) There exists a triangulation of M with n vertices
(ii) (	

)*3(2!(M))
For triangulated 3-manifolds, no analogue seems to be known, not even an inequality involving
the topology of the manifold (cf. however, the inequalities in [45,6]). For triangulated 4-manifolds
we have the following:
Theorem 2.2 (KuK hnel [26,28]). For any combinatorial 4-manifold M with n vertices the
inequality

n!4
3 *10((M)!2)
holds with equality if and only if the triangulation is 3- neighborly (which in turn implies that M is
simply connected). If the Betti number b

(M) vanishes then the right hand side of the inequality is
10 ) b

(M).
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The proof of Theorem 2.2 relies essentially on the Dehn}Sommerville equations
n!f

#f

!f

#f

"(M),
2f

!3f

#4f

!5f

"0,
2f

!5f

"0,
which imply the single equation f

!4f

#10n"10(M). Theorem 2.2 can be regarded as
a higher-dimensional generalizations of Heawood's inequality, see [27,28]. Equality in the inequal-
ity above implies that the triangulation is tight, see Section 5.
Corollary 2.3. The number of vertices of any triangulation is at least
(i) 9 for P,
(ii) 10 for PP, P(!P), SS,
(iii) 14 for a connected sum of six copies of SS,
(iv) 16 for a regular quartic surface in P (or any K3 surface)
and in each case such a triangulation with 9,10,14, or 16 vertices is necessarily 3-neighborly.
A unique 9-vertex triangulation of P exists, see [2,29,30,38]. There is no 3-neighborly
10-vertex triangulation of any 4-manifold [30]. It would certainly be interesting to have a 16-vertex
K3 surface as a subcomplex of a 16-vertex triangulation of P, as a kind of a &combinatorial
quartic'. However, this is not possible since there is no 16-vertex triangulation of P according to
[2]. If a 16-vertex triangulation of a K3 surface (or of any 4-manifold with "24) exists then
necessarily the numbers f

have to be the following:
f

"16, f

"
16
2 "120, f"
16
3 "560, f"720, f"288.
Consequently, each vertex link has to be a 2-neighborly triangulation of S with 15 vertices. More
generally, for any 16-vertex triangulation of a 4-pseudomanifold with isolated singularities and
with f

"(

) edges we have )24 and
f

"320#10, f

"360#15, f

"144#6.
In order to construct examples, we are looking for examples with certain non-trivial automorphism
groups, acting transitively on the set of vertices. With respect to notations for groups, we follow
those in [39]. In particular C

denotes the cyclic group of order k, D

is the dihedral group of
order 2k, A

and S

denote the alternating and symmetric group on k elements, respectively.
3. Group actions on 16 points, and equivariant triangulations
Hundred years ago, Miller [35] described all primitive group actions on 16 elements. A group
action is called primitive if it does not respect any non-trivial partition of the set of elements,
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compare [9, Chapter X]. Except for the groups A

and S

, each of those groups G contains
a self-conjugate subgroupH of order 16 which is isomorphic toC

C

C

C

. Therefore, one
may identify the set of 16 points withH acting on itself. Miller remarked that those group actions
onH are in 1}1-correspondence with the subgroups ofA


of order 20 160. If we identify C

with


(" the "eld with 2 elements), then* in modern terminology*Miller considered semi-direct
products of H with subgroups of G¸(4,

)A


or, in other words, subgroups of AG¸(4,

)
which contain all the 16 translations. Later Miller's list of groups and its completeness was veri"ed
by modern treatments, see [12, p. 433]; [15, VI.I.4] For our particular problem we are looking for
triangulations which are invariant under any of the groups in Miller's list. By construction the
automorphism group of any such triangulation will act transitively on the set of vertices.
If we regard the 16 vertices as elements of 

the following simple observation is very useful:
Just as can be regarded as the "eld, 

can be regarded as the "eld 

"0, 1,x, y as follows:

0
0"0, 
1
0"1, 
0
1"x, 
1
1"y.
The arithmetic in 

is determined by the equations x#1"y, 4x"y, xy"1.
Let us de"ne the following elements of G¸(2,

):
A :"
0 y
y 1, B :"A"
x x
x 1, C :"A"
x 0
0 x, D :"
x 0
0 y, R :"
0 1
1 0.
R is the re#ection at the diagonal of 

. It is not the square of any element in G¸(2,

) but it is the
square of the shift matrix S3G¸(4,

). We have the relations
A"B"D"C"R"S"(RB)"(RD)"(BD)"1.
C commutes with each of these elements except for S. This implies that
B,DA

S¸(2,

), B,RD

,
C,D,RS

C

, B,D,SS

,
A,DA

C

G¸(2,

).
Comparing this to Miller's list of group actions, we have the following correspondence:
H





,
G

HBHC

,
G

HB,RHD

,
G

HAHC

AG¸(1,

),
G

HB,S,
G

HA,R,
G

HA,S,
G

HA

,
G


HB,DHS¸(2,

)HA

AS¸(2,

),
G

HS

,
G

HB,D,SHS

,
M. Casella, W. Ku( hnel / Topology 40 (2001) 753}772 757
Later independently veri"ed by Frank H. Lutz (TU Berlin), using a di!erent computer system.
G

HA,DHG¸(2,

)H (A

C

)AG¸(2,

),
G

H ((S

S

)A


),
G

HA

,
G

HS

,
G

HA

,
G

HG¸(4,

)HA


AG¸(4,

),
G

HC,D,RH (S

C

),
G


, G

and G

are extensions of G

, furthermore G

A

, G

S

.
Any of the groups G

,2,G contains either G of order 80 or G of order 288. Note that
G

and G

are distinct as group actions, similarly G

and G


are distinct (although isomorphic as
groups). This induces two distinct A

-module structures on 

, see [39, p. 189].
If we are looking for triangulated 4-(pseudo-)manifolds with 16 vertices which are equivariant
under any of these groups, we have to put together orbits of 5-tuples under these group actions and
then see whether these form a (pseudo-)manifold or not. A computer search by the "rst author led
to the following result:
Theorem 3.1. The only simplicial complexes with 16 vertices which are equivariant under any of the
primitive group actions above and which are four-dimensional pseudomanifolds* in the sense that any
edge link is a triangulated 2-sphere * are the following:
1. A complexKI with 192 4-simplices, invariant under the action of G



S

of order 1920. This
was previously known as a triangulated Kummer variety with 16 singularities, see [25]. Each vertex
link is a triangulated P with 15 vertices.
2. A new complex K with 288 4-simplices which is invariant under the action of G



A of
order 240.
Proof (sketch). The algorithm uses the computer algebra program GAP which is available from
http://www.math.rwth-aachen.de/&GAP/WWW/. Since each of the groups above con-
tains either G

or G

it is su$cient to consider these two groups. By using GAP, for each of these
primitive group actions the set of 5-tuples is divided into orbits under the group action. Then we
look for collections of orbits which form a closed complex in the sense that each 4-tuple occurs
either exactly twice or not at all. This means that all zero-dimensional links are 0-spheres. Already
at this stage, the list of candidates is not too long. Thus the following steps can also be checked
without a computer. The next step is to show that the one-dimensional links are closed circuits (or
triangulated 1-spheres). Furthermore, it has to be checked whether the two-dimensional links are
triangulated 2-spheres, an easy task by the Euler characteristic. These properties constitute what
we called a pseudomanifold in Theorem 3.1. At this stage it is clear that only the vertices can be
singular points, so it follows that the singularities are isolated. By the group action all vertices are of
the same type. It turns out that, up to combinatorial isomorphism, there are only two candidates,
namely the complexesK andKI , both invariant at least under G

. It is a kind of interesting that the
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group G

of order 288 does admit another equivariant closed complex with 288 4-simplices,
consisting of just one orbit. However, this has non-isolated singularities.
After this work was done, a more sophisticated version of this algorithm has been implemented
by Lutz [33]. In his approach it is even possible to prove by an e$cient computer algorithm that
the vertex links are spheres. So the computer is able to produce a list of equivariant manifolds as
well. Moreover, this algorithm works in arbitrary dimensions. In the special case of 3-manifolds
admitting a transitive cyclic or dihedral group, a similar algorithm was already employed in the
previous paper [31].
In any case, the claim of Theorem 3.1 was veri"ed by two distinct and exhausting computer
algorithms: the original one by the "rst author and the second one by F.H. Lutz. In principle, the
result could also be checked without a computer, and the proof could be converted into a fairly
long written proof in the usual sense.
4. The 16-vertex triangulation K and its vertex link
If what follows, we shall refer to the 16 vertices either as the elements of 

or as the integers
0,1,2,2,15 (corresponding to a, b, c,2, p in Miller's notation). The correspondence between them
is the following:
(

) (

) (

) (

) (

) (

) (

) (

) (

) (

) (

) (

) (

) (

) (

) (

)
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
In any case the linear part of the group "xes the vertex 0"(

). We could also identify the vertices
with the elements of 

. In this case the group G

is nothing but the a$ne group AG¸(1,

). We
shall not use 

further because the notation would become more complicated.
As already explained in Section 3, the groupG

is generated by all translations in 



and the
matrix A"(



)3G¸(2,

). The G

-action splits the (

)"4368 quintuples into 18 orbits of length
240 and one orbit of length 48. So we know that for the 288 4-simplices of a triangulated K3 surface
we have to take one orbit of length 240 and the unique one of length 48.
De5nition 4.1. The new complex K is de"ned as the union of the G

-orbits of the following
4-simplices:


:"
1
0
x
0
y
0
0
1
0
x of length 240,


:"
1
0
0
1
x
1
1
x
x
x of length 48.
Note that 

itself is invariant underA"B. It is also invariant under R"(



), but the orbit of


is not. Therefore, the action of R transforms K into another complex K which is combina-
torially isomorphic to K. So K occurs in a &right-handed' and a &left-handed' version. (Recall that
the same phenomenon occurs for the unique 9-vertex triangulation of P.)
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Fig. 1. Link of (

) (

) .
In terms of the labeling by integers 0,1,2,2,15, the complex K is generated by the simplices


:"1,2,3,4,8 and 

:"1,4,6,9,10 under the action of the group G

generated by the four
&translations'
(0 1) (2 3) (4 5) (6 7) (8 9) (10 11) (12 13) (14 15),
(0 2) (1 3) (4 6) (5 7) (8 10) (9 11) (12 14) (13 15),
(0 4) (1 5) (2 6) (3 7) (8 12) (9 13) (10 14) (11 15),
(0 8) (1 9) (2 10) (3 11) (4 12) (5 13) (6 14) (7 15)
and the permutation
A"(1 12 14 10 13 2 4 7 15 6 3 8 9 5 11).
Proposition 4.2. K is a combinatorial 4-manifold.
Proof. G

acts transitively on the set of edges. Therefore all edge links are combinatorially
equivalent. The link of the edge (

) (

) is the triangulated 2-sphere with 14 vertices shown in
Fig. 1.
It is a subdivided suspension of a hexagon, invariant under the translation

	

C
	#1

  in 
which appears as the antipodal symmetry. This proves that each vertex link in K is a triangulated
3-manifold, so it follows thatK itself is a 4-pseudomanifold (with at most isolated singularities). In
order to see that the vertex link of (

)"0 is in fact a triangulated 3-sphere, we observe that it is
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Table 1
1,2,3,4 1,2,4,8 1,2,5,12 1,2,8,12 1,2,5,14 1,4,7,11
2,3,4,5 2,3,5,9 2,3,6,13 2,3,9,13 2,3,6,15 2,5,8,12
3,4,5,6 3,4,6,10 3,4,7,14 3,4,10,14 3,4,7,1 3,6,9,13
4,5,6,7 4,5,7,11 4,5,8,15 4,5,11,15 4,5,8,2 4,7,10,14
5,6,7,8 5,6,8,12 5,6,9,1 5,6,12,1 5,6,9,3 5,8,11,15
6,7,8,9 6,7,9,13 6,7,10,2 6,7,13,2 6,7,10,4 6,9,12,1
7,8,9,10 7,8,10,14 7,8,11,3 7,8,14,3 7,8,11,5 7,10,13,2
8,9,10,11 8,9,11,15 8,9,12,4 8,9,15,4 8,9,12,6 8,11,14,3
9,10,11,12 9,10,12,1 9,10,13,5 9,10,1,5 9,10,13,7 9,12,15,4
10,11,12,13 10,11,13,2 10,11,14,6 10,11,2,6 10,11,14,8 10,13,1,5
11,12,13,14 11,12,14,3 11,12,15,7 11,12,3,7 11,12,15,9 11,14,2,6
12,13,14,15 12,13,15,4 12,13,1,8 12,13,4,8 12,13,1,10 12,15,3,7
13,14,15,1 13,14,1,5 13,14,2,9 13,14,5,9 13,14,2,11 13,1,4,8
14,15,1,2 14,15,2,6 14,15,3,10 14,15,6,10 14,15,3,12 14,2,5,9
15,1,2,3 15,1,3,7 15,1,4,11 15,1,7,11 15,1,4,13 15,3,6,10
invariant under the cyclic automorphism A of order 15 (but not under any larger group).
Furthermore it contains all (

) edges. All triangulations of 3-manifolds with these two properties
were enumerated in the previous paper [31]. Therefore, the vertex link in K must be among the
combinatorial types described there, up to relabeling. It turns out that it is combinatorially
equivalent to the type 3

. To see this, we change our labeling for the moment such that
A	 corresponds to the cyclic shift (1 2 3 4215). Then the link of 0 appears as type 3 in [31],
the list of all 90 tetrahedra is given in Table 1.
In order to see that it is a 3-sphere, let us consider the spanK

of the vertices 1,2,3,2,7 in link(0).
K

consists of the tetrahedra
1,2,3,4,2,3,4,5,3,4,5,6,4,5,6,7,1,3,4,7
and of the additional triangles
1,2,5,2,3,6,1,5,6,2,6,7.
Note that each of the (

) edges occurs in one of those. It is easy to see that K

collapses to a single
point.
Similarly, the spanK

of the remaining vertices 8,9,10,2,15 in link(0) is collapsible. Since by the
cyclic shift it is combinatorially isomorphic to the span of 1,2,3,2,8, it su$ces to add
5,6,7,8,2,4,5,8,1,2,4,8,3,7,8
to K

and then to observe that it is still collapsible.
Now the assertion of Proposition 4.2 follows from a well-known result in PL topology, applied
to link(0):
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Fig. 2. Three MoK bius bands in link(0).
Proposition 4.3 (Rourke and Sanderson [42]). Assume that a given combinatorial manifoldM admits
a splitting of the set of vertices into two disjoint subsets<

,<

such that the span of<

is collapsible for
i"1,2. Then M is PL homeomorphic to the sphere.
This three-dimensional combinatorial sphere has several interesting properties in its own. The 15
vertices split into three 5-tuples 1,4,7,10,13, 2,5,8,11,14, 3,6,9,12,15 where each of them spans
a 5-vertexMoK bius band in link(0), see Fig. 2. The following lemma is very crucial. It plays a key ro( le
in the determination of the intersection form of K in Section 6.
Lemma 4.4. Each of these 5-vertex Mo( bius bands in link(0) is unknotted and twisted. Any two of them
are linked with linking number$1.
Proof. First observe that the 3-sphere minus one of them, say 3,6,9,12,15, retracts onto the
subcomplex spanned by the remaining ten vertices. This is the union of the following 15 tetrahedra:
1,2,4,8 1,2,5,14 1,4,7,11,
4,5,7,11 4,5,8,2 4,7,10,14,
7,8,10,14 7,8,11,5 7,10,13,2,
10,11,13,2 10,11,14,8 10,13,1,5,
13,14,1,5 13,14,2,11 13,1,4,8.
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This subcomplex collapses onto the MoK bius band spanned by 2,5,8,11,14. Therefore, these two
subcomplexes are homotopically equivalent to two Hopf circles in the 3-sphere.
For the second statement of Lemma 4.4 we observe that a MoK bius band is twisted if and only if
its boundary is a nontrivial knot. This in turn is equivalent to the homotopical inequivalence of its
complement with a circle. We determine the complement of the "ve edges
3,9, 9,15, 15,6, 6,12, 12,3
in link(0). In this case the edges 3,6,6,9,9,12,12,15,15,3 still survive. They collapse onto
their centers which will be denoted by for the momentA,B,C,D,E, respectively. Therefore to the 15
tetrahedra above we have to add 25 triangles containing A,B,C,D,E. Along the &open' triangles
128,125,147 and their images under the 5-fold symmetry the complex collapses onto the
union of the following 60 triangles, denoted by M

. It is the union of parts I and II:
Part I:
1,2,4 2,4,8 2,4,5 2,5,8 1,4,11, 1,7,11 4,7,11,
4,5,7 5,7,11 5,7,8 5,8,11 4,7,14 4,10,14 7,10,14,
7,8,10 8,10,14 8,10,11 8,11,14 7,10,2 7,13,2 10,13,2,
10,11,13 11,13,2 11,13,14 11,14,2 10,13,5 10,1,5 13,1,5,
13,14,1 14,1,5 14,1,2 14,2,5 13,1,8 13,4,8 1,4,8.
Part II:
A,4,5 A,4,10 A,2,13 A,B,13 A,B,5,
B,7,8 B,7,13 B,5,1 B,C,1 B,C,8,
C,10,11 C,10,1 C,8,4 C,D,4 C,D,11,
D,13,14 D,13,4 D,11,7 D,E,7 D,E,14,
E,1,2 E,1,7 E,14,10 E,A,10 E,A,2.
This 2-complex M

has trivial second homology and Euler characteristic "0, hence its "rst
homology is one dimensional, as expected. However, M

does not collapse further because each
edge is contained in at least two triangles. So there is no edge to start the collapsing. This already
indicates an interesting topology. We prove that the fundamental group ofM

is nonabelian. Part
I is the union of a cylinder and two MoK bius bands shown in Fig. 3. Part II is a MoK bius band with
identi"cations along the boundary, as shown in Fig. 4. In part I let 	"(1 4 7 10 13) denote the
generating cycle for the fundamental group of the cylinder. If in part II 
 denotes the homotopy
class of the polygon (A B C D E), then the fundamental group ofM

is the free group generated by
	,
modulo a certain relation. To see the relation, we "rst observe that (1 10 11 7) is homotopic to
		, as follows from the union of the triangles 1,7,11, 1,4,11, 4,7,11, 7,8,11, 8,10,11,
7,8,10, 1,5,10, 1,5,13, 5,10,13. The edges 1,7, 7,13, 13,4, 4,10 and 1,10
constitute the boundary of one of the MoK bius bands in part I, their union is homotopic to 	.
Therefore, this boundary is homotopic to (		)	"		. Hence the fundamental group is
	,
  	
"1, the knot group of the trefoil knot [41]. In particular, this group is non-abelian. It
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Fig. 3. Part I.
Fig. 4. Part II.
follows that theMoK bius band spanned by 3,6,9,12,15 is really twisted. By the automorphisms this
is true for all three of them.
Corollary 4.5. link(0) is a non-polytopal 3-sphere, i.e., it is not combinatorially equivalent to the
boundary complex of any convex 4-polytope.
Proof. Assume that it is the boundary of a 4-polytope. Then a Schlegel diagram (or any other
diagram in ) gives a simplexwise linear embedding of all tetrahedra into , except for one point
at in"nity. Hence the "ve MoK bius bands appear as rectilinear MoK bius bands in . This is
impossible since a 5-vertexMoK bius band cannot be twisted. In other words, there is no #attening of
this triangulated 3-sphere. This argument applies to any triangulated 3-sphere containing a
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non-trivial knot which is triangulated with k edges where k is smaller than twice the bridge number
of the knot. Compare [1] for a similar argument of the non-shellability of cell-decomposed
3-spheres containing solid knots with too few cells.
5. Homology, tightness, and the Kummer con5guration
Since K contains all possible (

) triangles, its underlying manifold K is simply connected, cf.
Theorem 2.2. From (K)"24 it follows that the Betti numbers b

(K)"b

(K;) are as follows:
b

(K)"b

(K)"0, b

(K)"22.
We can "nd special elements inH

(K) by the condition of tightness. A simply connected 4-manifold
M embedded into  is called tight if its intersection with any open or closed half-space hL is
connected and simply connected. In terms of homology, this is equivalent to the injectivity of the
induced homomorphism in homology
HH(hM)PHH(M)
for any such h. For more background on tightness and its signi"cance in di!erential geometry see
[3,13,32]. A triangulation with n vertices is called a tight triangulation if it induces a tight
embedding into 	 if the n vertices correspond to n points in general position [28]. Any
2-neighborly triangulation of a surface and any 3-neighborly triangulation of a 4-manifold is a tight
triangulation, compare [28, 4.7]. This leads to the following:
Corollary 5.1. K is a tight triangulation, i.e., its canonical embedding into  (as a subcomplex of the
15-dimensional simplex) is tight with respect to any domain of coezcients.
This is in sharp contrast with the smooth case. A result of Thorbergsson [43] states that there is
no smooth tight immersion of a K3 surface into any . In this case the intersection form provides
an obstruction to tightness. A particular consequence of the tightness ofM is that any top-set ("
the intersection with a supporting hyperplane) injects intoM at the homology level. Therefore, it is
useful to study the top-sets spanned by particular subsets of vertices.
Corollary 5.2. Any 4-tuple of vertices either spans a tetrahedron (3-simplex) of K or, otherwise, its
boundary represents a non-trivial element of H

(K).
Recall that there are f

"720 tetrahedra in K. Therefore, we have (

)!720"1100 &empty'
tetrahedra, each representing a non-zero homology class of K. These are also called &essential
top-cycles' in the theory of tight embeddings [3].
Corollary 5.3. Any 5-tuple of vertices either spans a 4-simplex of K, or it contains exactly k tetrahedra
with 0)k)3. The rank of the homology of the span is 4!k. The B-invariant 5-tuples either belong to
the orbit of 

or they have k"0.
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Fig. 5. MoK bius band in the span of S

.
Particularly interesting 6-tuples are those which are invariant under an element of order "ve, e.g.
S

"
0
0,
1
0,
0
1,
x
1,
1
x,
x
x.
The span of S

in K consists of the 4-simplex 

:" (

)(

)(

)(

)(

)  and the cone from (

) over the
5-vertex MoK bius band shown in Fig. 5.
The span of S

is a homotopy 2-sphere, representing a non-zero homology class in H

(K). If we
take the orbit of S

under the action of 

B, then we get 16 such 6-tuples
S

, S

,2,S ,
such that the span of each represents a non-zero homology class in H

(K) and such that each
S

contains the vertex i as a distinguished vertex. So there is a natural bijection between 0, 1,2,15
and S

, S

,2,S, a kind of duality.
Proposition 5.4. The set of the 16 abstract 6-tuples S

,S

,2, S is combinatorially equivalent to the
Kummer conxguration 16

.
For a proof of Proposition 5.4 one has to check that any pair of vertices in 0,1,2,15 is
contained in exactly two of the 6-tuples S

, and that any pair of 6-tuples has exactly two vertices in
common. This is easy to do, leading to the consequence that it is indeed a 16

con"guration.
However, this property does not yet determine the combinatorial type of the con"guration
completely. There are three distinct such con"gurations 16

, as independently found in the papers
[22] in 1945, [8] in 1964 and [18] recently. These structures are also called symmetric block designs
or projective biplanes. However, the 2-transitive action of our group identi"es the Kummer
con"guration among them because the two other con"gurations have smaller automorphism
groups, compare [15, I.5.3 Theorem 5.14]. In fact, the set of 6-tuples S

, S

,2, S , is invariant
under the action of G

of order 11520, compare [12, p. 42].
6. The intersection form of K
One of the most important invariants for 4-manifolds is the intersection form on the integral
homology groupH

or, alternatively, the cup product on the cohomologyH. It is an unimodular
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symmetric bilinear form. These are essentially classi"ed by their rank, signature, and type, compare
[36,37]. It has been known for a long time [46] that two simply connected 4-manifolds with the
same intersection form are homotopy equivalent. A symmetric bilinear form is called even (or of
Type II ) if all diagonal entries in any unimodular matrix representation are even numbers,
otherwise it is called odd (or of Type I ). The intersection form of a K3 surface is even with rank 22
and signature$16. In this section we compute the intersection form of the complex K or, more
precisely, of its underlying 4-manifold K. This is done somehow indirectly, since it turned out to be
di$cult to "nd an explicit basis for the homology. The following theorem relates the intersection
form to the second Stiefel}Whitney class w

:
Theorem 6.1 (Kirby [24, 4.1]). The intersection form of a simply connected 4-manifold M is even if
and only if w

(M)"0.
Proposition 6.2. The Stiefel}Whitney class w

of K vanishes.
Proof. We use the combinatorial formula for the second Stiefel}Whitney class, given by Goldstein
and Turner in [17]. It depends on a particular given ordering of the set of vertices and leads to
a 2-cycle representing the second Stiefel}Whitney class. In the ordering 1,2,3,4,2,14,15,0 the
resulting 2-cycle is the sum (mod 2) of the following triangles:
0,1,2 0,1,3 0,1,4 0,1,5 0,1,14 0,1,15 0,2,3 0,2,4,
0,2,5 0,2,6 0,2,8 0,2,9 0,2,14 0,3,4 0,3,6 0,3,8,
0,3,10 0,3,12 0,3,13 0,3,14 0,3,15 0,4,5 0,4,6 0,4,7,
0,4,9 0,4,11 0,4,14 0,4,15 0,5,6 0,5,9 0,5,14 0,6,7,
0,6,11 0,6,12 0,6,13 0,7,8 0,7,9 0,7,10 0,7,11 0,8,9,
0,8,10 0,8,11 0,8,13 0,8,14 0,9,10 0,10,11 0,10,14 0,11,12,
0,11,13 0,11,15 0,12,13 0,12,14 0,12,15 0,13,14 0,14,15 1,2,3,
1,2,6 1,2,9 1,2,11 1,2,12 1,3,4 1,3,6 1,3,8 1,3,9,
1,3,12 1,3,15 1,4,5 1,4,6 1,4,9 1,4,15 1,5,6 1,5,7,
1,5,9 1,5,10 1,6,7 1,6,8 1,6,10 1,6,13 1,7,8 1,7,10,
1,7,11 1,7,12 1,8,9 1,8,10 1,8,12 1,9,10 1,9,11 1,9,14,
1,10,11 1,10,12 1,10,15 1,11,12 1,11,14 1,12,13 1,12,14 1,13,14,
1,13,15 1,14,15 2,3,5 2,3,6 2,3,7 2,3,13 2,3,14 2,3,15,
2,4,6 2,4,9 2,4,10 2,4,11 2,4,15 2,5,6 2,5,7 2,5,9,
2,5,14 2,6,9 2,6,12 2,6,13 2,7,8 2,7,9 2,7,11 2,7,13,
2,8,9 2,8,12 2,8,13 2,8,14 2,9,10 2,9,14 2,9,15 2,10,11,
2,10,13 2,11,12 2,11,15 2,13,14 3,4,6 3,4,10 3,4,11 3,4,14,
3,5,8 3,5,9 3,5,11 3,5,12 3,5,14 3,6,11 3,6,14 3,7,10,
3,7,13 3,7,14 3,8,10 3,8,14 3,8,15 3,9,14 3,9,15 3,11,12,
3,12,13 3,12,15 3,13,14 3,13,15 3,14,15 4,5,10 4,5,13 4,5,14,
4,5,15 4,6,12 4,6,15 4,7,9 4,7,11 4,7,15 4,8,9 4,8,11,
4,8,14 4,8,15 4,9,12 4,10,12 4,11,12 4,11,13 4,11,15 4,13,14,
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4,13,15 4,14,15 5,6,7 5,6,8 5,6,9 5,6,11 5,6,12 5,6,14,
5,6,15 5,7,8 5,7,12 5,7,13 5,8,9 5,8,13 5,8,15 5,9,10,
5,9,12 5,9,13 5,9,14 5,10,14 5,11,12 5,11,13 5,12,15 5,13,14,
6,7,9 6,7,11 6,7,15 6,8,9 6,8,11 6,8,14 6,8,15 6,9,10,
6,9,13 6,10,12 6,10,13 6,10,14 6,10,15 6,11,12 6,11,13 6,11,14,
6,13,14 6,13,15 7,8,9 7,8,11 7,8,14 7,8,15 7,9,11 7,10,13,
7,11,13 7,13,15 8,9,12 8,9,13 8,9,15 8,10,15 8,11,14 8,11,15,
8,12,13 8,13,15 8,14,15 9,10,15 9,11,12 9,11,13 9,12,13 9,12,15,
9,13,15 10,11,1310,11,1410,11,1510,12,1310,13,1511,13,1512,13,14.
12,13,1512,14,15.
This turns out to be the boundary of the following 3-chain. It is therefore homologous to zero
(mod2):
0,1,2,15 0,1,3,6 0,1,4,6 0,1,4,13 0,1,4,15 0,1,5,7 0,1,6,8,
0,1,6,10 0,1,7,9 0,1,8,14 0,1,9,11 0,1,10,14 0,1,11,15 0,1,13,14,
0,2,3,5 0,2,4,11 0,2,5,9 0,2,5,14 0,2,6,10 0,2,7,8 0,2,7,10,
0,2,8,9 0,2,8,11 0,2,9,10 0,2,10,11 0,2,11,12 0,2,12,15 0,3,4,5,
0,3,4,9 0,3,4,15 0,3,8,10 0,3,9,11 0,3,11,12 0,3,12,13 0,3,12,14,
0,4,7,11 0,4,11,13 0,4,14,15 0,5,6,7 0,6,8,13 0,6,11,12 1,2,3,4,
1,2,4,5 1,2,5,14 1,2,6,13 1,2,8,10 1,2,8,12 1,2,8,13 1,2,8,14,
1,2,9,11 1,2,9,12 1,2,9,14 1,2,10,13 1,2,11,14 1,2,11,15 1,2,12,14,
1,2,13,15 1,2,14,15 1,3,4,9 1,3,4,11 1,3,5,9 1,3,5,10 1,3,6,7,
1,3,6,13 1,3,7,8 1,3,8,12 1,3,8,15 1,3,9,10 1,3,10,11 1,3,10,14,
1,3,13,14 1,4,5,10 1,4,5,11 1,4,6,10 1,4,6,14 1,4,13,14 1,5,6,12,
1,5,7,13 1,5,7,14 1,5,10,11 1,5,12,14 1,5,13,14 1,6,7,11 1,6,7,15,
1,6,10,12 1,6,11,13 1,6,13,14 1,6,13,15 1,7,8,11 1,7,8,12 1,7,9,11,
1,7,10,13 1,7,10,14 1,7,10,15 1,8,9,15 1,8,11,13 1,9,11,12 1,9,11,13,
1,9,12,13 1,9,12,15 1,10,11,13 1,10,13,15 1,10,14,15 1,12,14,15 2,3,4,10,
2,3,5,9 2,3,5,15 2,3,6,11 2,3,6,13 2,3,6,14 2,3,7,10 2,3,7,13,
2,3,7,14 2,3,9,11 2,3,13,14 2,4,5,10 2,4,6,12 2,4,6,13 2,4,6,14,
2,4,8,11 2,4,8,15 2,4,9,12 2,4,10,15 2,4,11,15 2,4,12,13 2,4,12,14,
2,5,6,9 2,5,7,14 2,5,9,10 2,5,9,15 2,6,7,8 2,6,7,9 2,6,8,11,
2,6,9,10 2,7,8,11 2,8,10,15 2,8,11,14 2,8,11,15 2,8,14,15 2,12,13,15,
3,4,5,13 3,4,6,8 3,4,8,14 3,4,13,15 3,5,8,15 3,5,9,14 3,5,10,14,
3,5,11,14 3,5,12,15 3,5,13,15 3,6,7,14 3,6,8,14 3,7,8,14 3,8,12,13,
3,8,13,15 3,9,10,15 3,10,11,14 3,10,14,15 3,12,13,14 4,5,10,14 4,5,11,15,
4,6,8,15 4,6,10,13 4,7,8,9 4,7,8,15 4,7,10,14 4,7,10,15 4,7,11,12,
4,7,11,13 4,7,12,14 4,7,13,15 4,10,12,13 4,11,13,15 5,6,7,8 5,6,7,12,
5,6,8,9 5,6,8,13 5,6,9,13 5,6,10,14 5,6,10,15 5,6,11,14 5,6,12,14,
5,7,8,11 5,7,8,12 5,7,11,12 5,8,9,12 5,8,9,13 5,8,11,13 5,9,13,15.
5,10,11,15 6,7,12,14
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Corollary 6.3. The intersection form of K is even and indexnite.
An even intersection form of rank 22 is certainly inde"nite since the signature must be divisible
by 8. Even more, by Rohlin's theorem, the signature of a simply connected smooth or PL
4-manifold with an even intersection form is an integral multiple of 16. Consequently, if the rank is
22 then the signature is either 0 or$16. If the signature is 0 then the manifold is a connected sum
of copies of SS, otherwise it is a K3 surface. It remains to compute the signature of K. By
Hirzebruch's theorem the "rst Pontrjagin number p

(M) equals 3 times the signature or M. In
principle, a combinatorial formula for the "rst Pontrjagin number of a 4-manifold exists. However,
its evaluation is extremely complicated, see [34] for the evaluation in the case of the 9-vertex
triangulation of P. Therefore, we shall determine the signature of the intersection form by the
following indirect argument:
Lemma 6.4. When restricted to the 16 homology classes determined by the 6-tuples S

, S

,2, S
from Section 5 above, the intersection form is a non-zero even multiple of the identity matrix. In
particular, the intersection form of K is positive or negative dexnite on a 16-dimensional subspace.
Proof. We have to determine the mutual intersection numbers of the homology classes of S

and S

.
The intersection of S

with any other S

, i"1,2,15, is zero because in each case there are
representatives as empty tetrahedra which are disjoint. The deformations into these disjoint
positions can be carried out inside the 16 MoK bius bands:
S

, S

: 0,4,6,9, 1,5,7,8,
S

, S

: 0,4,6,9, 2,3,8,11,
S

, S

: 0,4,6,9, 3,5,7,10,
S

, S

: 0,1,6,9, 4,5,13,14,
S

, S

: 0,1,6,9, 5,4,12,15,
S

, S

: 0,1,4,10, 6,7,12,15,
S

, S

: 0,1,4,10, 7,3,6,13,
S

, S


: 0,1,4,10, 8,2,9,12,
S

, S

: 0,4,6,10, 9,3,8,13,
S

, S

: 0,4,6,9, 10,3,11,12,
S

, S

: 0,4,6,9, 11,2,13,10,
S

, S

: 0,1,9,10, 12,5,6,13,
S

, S

: 0,1,6,9, 13,4,7,12,
S

, S

: 0,4,6,9, 14,7,8,10,
S

, S

: 0,1,4,10, 15,5,6,14.
By the automorphism group the intersection matrix of S

,2, S has only zeros o! the main
diagonal. It remains to show that the self-intersection of S

is non-zero. Observe "rst that the
homology class 2[S

] is represented by the cone from 0 to the pentagon (469 110) (" the
boundary of the MoK bius band in Fig. 5) together with a suitable disc in 1,4,6,9,10. [S

] itself is
also represented by the cone over the central curve 1 4Y 1 6Y 6 10Y 9 10Y 4 9Y , together with another
disc in 1,4,6,9,10. The intersection number of these two representatives is nothing but the linking
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number of the two pentagons in link(0) plus the intersection number of the two discs. But this sum
is non-zero because the MoK bius band is twisted in link(0) by Lemma 4.4 and because it is not
twisted in the 4-simplex. Therefore the self-intersection number of [S

] is non-zero. It cannot be
odd because the intersection form is even by Corollary 6.3. The automorphism group of
K preserves the orientation of K, so all the self-intersection numbers of the [S

] are equal to the
same even number. This implies that the intersection form is an even multiple of the identity when
restricted to those 16 elements. This indicates that these 16 elements correspond to the 16
exceptional cycles in the desingularization of the Kummer variety with 16 nodes [5].
Corollary 6.5. The signature of K is non-zero, hence$16.
Proof. If the signature of a quadratic form Q with rank 22 is zero, then the maximal dimension of
a subspace where Q is positive or negative de"nite is 11. Similarly, if the signature is$8 this
maximal dimension is 15, contradicting Lemma 6.4.
Theorem 6.6 (Freedman [16,24]). Any two simply connected compact 4-manifolds with the same even
intersection form are homeomorphic to one another.
Corollary 6.7. K is homeomorphic to a K3 surface.
It would, of course, be desirable to identify the vertices and faces of the triangulation K by
coordinates in a concrete quartic surface inP, using the results of [39] and [47]. It would have to
admit a projective group action of G

on 16 distinguished points. Perhaps the Dirichlet domains of
in#uence of those 16 points de"ne the dual of the triangulation, a method previously employed in
[7]. This might also geometrically prove that K is PL homeomorphic to a K3 surface.
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